Abstract. The study of the identities of symmetry for the Bernoulli polynomials arises from the study of Gauss's multiplication formula for the gamma function. There are many works in this direction. In the sense of p-adic analysis, the q-Bernoulli polynomials are natural extensions of the Bernoulli and Apostol-Bernoulli polynomials (see the introduction of this paper). By using the N -fold iterated Volkenborn integral, we derive serval identities of symmetry related to the q-extension power sums and the higher order q-Bernoulli polynomials. Many previous results are special cases of the results presented in this paper, including Tuenter's classical results on the symmetry relation between the power sum polynomials and the Bernoulli numbers in [A symmetry of power sum polynomials and Bernoulli numbers, Amer. Math. Monthly 108 (2001), no. 3, 258-261] and D. S. Kim's eight basic identities of symmetry in three variables related to the q-analogue power sums and the q-Bernoulli polynomials in [Identities of symmetry for q-Bernoulli polynomials, Comput. Math.
Introduction
The Bernoulli numbers B m and the Bernoulli polynomials B m (x) may be defined by the exponential generating functions The Bernoulli numbers and polynomials were first introduced by J. Bernoulli to express the power sums, that is, for k ∈ N = {0, 1, 2, . . .} and n ∈ Z + = {1, 2, 3, . . .}, we set S k (n) = n−1 r=0 r k , then
For details, we refer to Zhi-Wei Sun's lecture [29] . The exponential generating function for S k (n) is given by
The study of the identities of symmetry for Bernoulli polynomials arises from the study of Gauss's multiplication formula for the gamma function. Legendre's duplication formula are special cases of Gauss's multiplication formula (see [22] ). Namias [22] conjectured that infinitely many recurrence relations can be obtained at first from Gauss's multiplication formula. Subsequently, Belinfante [3] posed a problem in the MONTHLY for a generalization of (1.5) and (1.6) as follows: This has been proved by Belinfante and Gessel [4] , Deeba and Rodriguez [6] , Howard [7] . In fact, this recurrence (1.7) is a consequence of the following symmetry relation between the power sum polynomials and the Bernoulli numbers which was given by Tuenter in [32] . Young [35] generalized the above identities of symmetry (1.8) to the degenerate Bernoulli polynomials. Yang [34] generalized the above identities of symmetry (1.8) to the higher order Bernoulli polynomials. The p-adic integrals are powerful tools for studying the symmetry properties of Bernoulli and Euler polynomials. In p-adic analysis, the Bernoulli and Euler polynomials can be represented by Volkenborn and fermionic p-adic integrals (see the formulas (1.14) below). So we can obtain a lot more identities of symmetry of the Bernoulli and Euler polynomials by considering certain symmetric properties of p-adic integrals. For example, T. Kim [15] derived results on the Bernoulli polynomials and the sums of integer powers expressions on Z p and he also obtained several results on the Euler polynomials and the alternating sums of integer powers by considering certain symmetry of fermionic p-adic integral expressions on Z p . Following the idea of [15] , D. S. Kim and Park [10] got many new symmetry identities in three variables related to Euler polynomials and alternating power sums. The derivations of these identities are based on the p-adic integral expression of the generating function for the Euler polynomials and on the quotient of certain p-adic integrals that can be expressed as the exponential generating function for the alternating power sums. By using the fermionic p-adic integral, D. S. Kim, Lee, Na and Park [9] derived several basic identities of symmetry in three variables related to the alternating power sums and the Euler polynomials.
The Apostol-Bernoulli polynomials B m (x, λ) are natural generalizations of the Bernoulli polynomials, they were first introduced by Apostol [1] in order to study the Lipschitz-Lerch zeta functions. Their definitions are as follows,
where |t| ≤ 2π when λ = 1; |t| ≤ | log λ| when λ = 1 (see [19, 21] ).
In particular, B m (λ) = B m (0, λ) are the Apostol-Bernoulli numbers. Luo and Srivastava [21] generalized this definition to obtain the generalized ApostolBernoulli and Euler polynomials, and they also studied them systematically. Recently, Luo [20] , Bayad [2] , Navas, Francisco and Varona [23] investigated Fourier expansions for the Apostol-Bernoulli and Apostol-Euler polynomials. Kim and Hu [12] obtained the sums of product identity for the Apostol-Bernoulli numbers which is an analogue of the classical sums of product identity for the Bernoulli numbers dating back to Euler.
Letting λ = 1 and x = 0 in (1.9), we obtain the classical Bernoulli polynomials and numbers B m (x), B m , respectively.
The higher order Apostol-Bernoulli polynomials, denoted B
m (x, λ), are defined as follows:
where |t| ≤ 2π when λ = 1; |t| ≤ | log λ| when λ = 1 (see [21] ). When N = 1, B
m (x, λ) becomes the Apostol-Bernoulli polynomial B m (x, λ) defined above. The Apostol-Bernoulli polynomials can also be represented by p-adic integrals. Before introducing this, we need some notations.
Let p be a fixed odd prime number. Let Z p , Q p , and C p be the ring of p-adic integers, the field of p-adic numbers and the completion of the algebraic closure of Q p , respectively. Let | · | p be the p-adic valuation on Q with |p| p = p −1 . The extended valuation on C p is denoted by the same symbol | · | p .
Let U D(Z p ) be the space of uniformly (or strictly) differentiable function on Z p . Then the Volkenborn integral of f is defined by
f (a) and this limit always exists when f ∈ U D(Z p ) (see [5] and [26, Section 55] ). For such functions we have
where f ′ (0) = (df (z)/dz)| z=0 . Also, T. Kim [13] defined the fermionic p-adic integral on Z p as follows:
It is interesting that (1.14)
Zp (x + a) n dµ(a) = B n (x) and
where B n (x) and E n (x) are the Bernoulli and Euler polynomials, respectively, for details of the above formulas, we refer to [11, 13, 15, 17, 25] . The multiple Volkenborn integrals considered in this paper are all computable by iterated integrations. The N -fold iterated Volkenborn integral
is denoted by
Notice that, interchanging the Volkenborn integral and infinite sum is allowed by Proposition 55.4 in [26] .
Let C p n be the cyclic group consisting of all p n th roots of unity in C p for each n ≥ 0 and T p be the direct limit of C p n with respect to the natural homomorphisms, i.e.,
Hence T p is the union of all C p n with discrete topology (see [17, 26] ).
For each λ ∈ T p , by Proposition 7.1 (1) in [26] , log λ = 0, thus for t ∈ D, x ∈ Z p and a positive integer ω, comparing with (1.10), we have
which is the p-adic integral representation of the higher order Apostol-Bernoulli polynomials. Now we go to a more general case, that is, denote D by
we extend the value of λ from T p to D in the above formula, and get an extension of the higher order Apostol-Bernoulli polynomials in the p-adic sense, so called q-Bernoulli polynomials.
The detail of this process is as follows: Assume that q, t ∈ C p , with q−1, t ∈ D, so that q z = exp(z log q) and e zt are, as functions of z, analytic functions on Z p . By applying N -fold iterated Volkenborn integral (1.15) to F, with F (z) = q ω(z1+···+zN ) e (z1+···+zN +x)t , we get the p-adic definition for the higher order q-Bernoulli polynomials B (N )
where dµ(z) = dµ(z 1 ) · · · dµ(z N ) (see [8, 14, 15] ). Notice that m (x, q ω ) becomes the mth higher order ApostolBernoulli polynomials as in (1.17) . Thus, the study of the symmetry properties of Bernoulli and Aopstol polynomials can be involved in the study of the symmetry properties of q-Bernoulli polynomials. The higher order q-Bernoull numbers and polynomials including their many applications in number theory, mathematical analysis and statistics have been extensively studied by several authors (see [9, 14, 24, 27, 28, 30, 33, 34] ). Recently, D. S. Kim [8] derived eight basic identities of symmetry in three variables related to the q-extension power sums and the q-Bernoulli polynomials, thus generalized Tuenter's classical identity (1.8) in various forms.
As in Tuenter's Theorem (Theorem 1.4 above), in order to obtain the identities of symmetry related to the power sums and the q-Bernoulli polynomials, we need the following q-extension of the sum of integer powers. The q-extension of the sum of integer powers S k,q (n) is defined by
where
The exponential generating function for S k,q (n) is given by
In particular, we have
Let ω be any positive integer. By using (1.20) (when N = 1) and (1.22), we see
(see [8, 15] ). In this paper, by using the N -fold iterated Volkenborn integral, we derive several identities of symmetry related to the q-extension power sums and the higher order q-Bernoulli polynomials. It should be noted that Tuenter's [32] and other authors' results on identities of symmetry [8, 14, 15, 16, 18, 33, 34] are all special cases of the identities given in this paper when N ∈ Z + or q → 1 (see Remark 6.4).
Our paper is organized as follows:
In Section 2, we prove four kinds of quotient type identities for the N -fold iterated Volkenborn integral.
In Sections 3-6, we shall generalize D. S. Kim's idea in [8] to prove the corresponding identities of symmetry in three variables related to the q-extension power sums and the higher order q-Bernoulli polynomials by using each kind of quotient type identities for the N -fold iterated Volkenborn integral given in Section 2, respectively.
I
(N ) (Λ i 23 )-type for i = 0, 1, 2, 3 Let ω 1 , ω 2 and ω 3 be positive integers. In this section, we will introduce four kinds of quotient type identities for the N -fold iterated Volkenborn integrals on Z p or Z N p by building symmetries of ω 1 , ω 2 , ω 3 from three fundamental identities.
From the definition (1.11) of the Volkenborn integral on Z p , we have
The p-adic integral expression for the generating function of higher order q-Bernoulli numbers B (N ) m (q ω ) can be derived from the expansion as
Then we get the following p-adic integral expression for the generating function of higher order q-Bernoulli polynomials B (N )
m (x, q ω ) as follows (see (1.19)):
From (2.1), (2.2), and (2.3), we have the four kinds of identity symmetry in ω 1 , ω 2 , ω 3 as follows:
which is equivalent to
Remark 2.1. From (2.3) and (2.4), we see that the expressions I (N ) (Λ i 23 ), for each i = 0, 1, 2, 3, are invariant under any permutation of ω 1 , ω 2 , ω 3 . So, we can obtain identities of symmetry in three variables ω 1 , ω 2 , ω 3 related to the q-extension power sums and the higher order q-Bernoulli polynomials. 
)-type identity for the higher order qBernoulli polynomials as follows:
.
From (2.3), we also have
Thus combining (2.1), (2.2) with (b), we can write I (N ) (Λ 1 23 ) in following two different ways:
Form (2.1), (2.6), (a), and (c),
) can be written in the following three different ways:
and 
3. Identities of symmetry in I (N ) (Λ 0 23 )-type In this section, by using the N -fold iterated Volkenborn integral given in Subsection 2.1, we will prove the corresponding identities of symmetry in three variables ω 1 , ω 2 , ω 3 related to the higher order q-Bernoulli polynomials.
3) and (a), we have
Then by (3.1), we obtain
where the inner sum is taken over all nonnegative integers k, l, m with k+l+m = n, and n k, l, m = n! k!l!m! .
Volkenborn integrals is invariant under any permutation of ω 1 , ω 2 , ω 3 . So the corresponding expressions in (3.2) are also invariant under any permutation of ω 1 , ω 2 , ω 3 . Thus our results concerning identities of symmetry immediately follow from this observation.
Theorem 3.1. Let ω 1 , ω 2 , ω 3 be any positive integers. Then the following expression is invariant under any permutation of ω 1 , ω 2 , ω 3 , and we obtain the following six symmetries
Remark 3.2. Letting further N = 1 in Theorem 3.1, we get Theorem 4.1 in [8] .
Identities of symmetry in
)-type In this section, by using quotient type identities for the N -fold iterated Volkenborn integral given in Subsection 2.2, we prove the corresponding identities of symmetry in three variables related to the q-extension power sums and the higher order q-Bernoulli polynomials.
Symmetric identities from (b-1)
From (2.1), (2.3), and (b-1), we have
Then we obtain 2) where the inner sum is taken over all nonnegative integers i, j, k, l with i + j + k + l = n, and
Theorem 4.1. Let ω 1 , ω 2 , ω 3 be any positive integers. Then the following expression is invariant under any permutation of ω 1 , ω 2 , ω 3 , and we obtain the following six symmetries
. Letting x 3 = 0 and N = 1 in Theorem 4.1. Since
we get the following corollary. This has also been obtained in [8, Theorem 4.2] .
Corollary 4.2. Let ω 1 , ω 2 , ω 3 be any positive integers. Then the following expression is invariant under any permutation of ω 1 , ω 2 , ω 3 , and we obtain the following six symmetries 
Symmetric identities from (b-2)
From (2.1), (2.3), and (b-2), we have
Here we write I (N ) (Λ 1 23 ) in two different ways:
and
The corresponding expressions in (4.5) and (4.6) are invariant under any permutation of ω 1 , ω 2 , ω 3 . Thus our results concerning identities of symmetry immediately follow from this observation. From (4.5), we obtain the following result.
Theorem 4.3. Let ω 1 , ω 2 , ω 3 be any positive integers. Then the following expression is invariant under any permutation of ω 1 , ω 2 , ω 3 , and we obtain the following six symmetries
From (4.6), we obtain the following result.
Theorem 4.4. Let ω 1 , ω 2 , ω 3 be any positive integers. Then the following expression is invariant under any permutation of ω 1 , ω 2 , ω 3 , and we obtain the following six symmetries 
where the inner sum is taken over all nonnegative integers i, j with i + j = n, and n i, j = n! i!j! .
Identities of symmetry in
)-type In this section, by using quotient type identities for the N -fold iterated Volkenborn integral given in subsection 2.3, we prove the corresponding identities of symmetry in three variables related to the q-extension power sums and the higher order q-Bernoulli polynomials.
Symmetric identities from (c-1)
From (2.1), (2.3), and (c-1), we have
Then we obtain
where the inner sum is taken over all nonnegative integers i, j, k, l, m with i + j + k + l + m = n, and
Therefore, we get the following theorem.
Theorem 5.1. Let ω 1 , ω 2 , ω 3 be any positive integers. Then the following expression is invariant under any permutation of ω 1 , ω 2 , ω 3 , and we obtain the following six symmetries
. Letting x 2 = x 3 = 0 and N = 1 in Theorem 5.1, by (4.3), we get the following corollary. This has also been obtained in [8, Theorem 4.8] .
Corollary 5.2. Let ω 1 , ω 2 , ω 3 be any positive integers. Then the following expression is invariant under any permutation of ω 1 , ω 2 , ω 3 , and we obtain the following three symmetries
Letting ω 2 = ω 3 = 1 in Corollary 5.2, we have the following corollary. This has also been obtained in [14, (2.22) 
Symmetric identities from (c-2)
From (2.1), (2.3), and (c-2), we have
Here we write I (N ) (Λ 
where the inner sum is taken over all nonnegative integers i, j, k, l with i + j + k + l = n. From (5.4), we get the following theorem.
Theorem 5.4. Let ω 1 , ω 2 , ω 3 be any positive integers. Then the following expression is invariant under any permutation of ω 1 , ω 2 , ω 3 , and we obtain the following six symmetries
. Letting x 2 = x 3 = 0 and N = 1 in Theorem 5.4, by (4.3), we get the following corollary. This has also been obtained in [8, Theorem 4.11] .
Corollary 5.5. Let ω 1 , ω 2 , ω 3 be any positive integers. Then the following expression is invariant under any permutation of ω 1 , ω 2 , ω 3 , and we obtain the following six symmetries
From (5.5), we get the following theorem.
Theorem 5.6. Let ω 1 , ω 2 , ω 3 be any positive integers. Then the following expression is invariant under any permutation of ω 1 , ω 2 , ω 3 , and we obtain the following six symmetries
Letting ω 3 = 1, x 2 = x 3 = 0 and N = 1 in Theorem 5.6, by (4.3), we get the following corollary. This has also been obtained in [8, Corollary 4.12] .
Corollary 5.7. Let ω 1 , ω 2 be any positive integers. Then
Letting ω 2 = 1 in Corollary 5.7, we have the following corollary.
Corollary 5.8. Let ω 1 be any positive integer. Then
Remark 5.9. Corollary 5.8 is the multiplication formula for the q-Bernoulli polynomials (see [14, Eq. (2.26) ]) together with the identity mentioned in Corollary 5.3.
Symmetric identities from (c-3)
From (2.1), (2.3), and (c-3), we have
From (5.6), we obtain
where the inner sum is taken over all nonnegative integers i, j, k, l with i + j + k + l = n. Therefore, we get the following theorem.
Theorem 5.10. Let ω 1 , ω 2 , ω 3 be any positive integers. Then the following expression is invariant under any permutation of ω 1 , ω 2 , ω 3 , and we obtain the following six symmetries
. Remark 6.4. Letting N = 1, 2, . . . in our results, we get a new symmetric identity which is a generalization of Tuenter's [32] and other authors' results which were established in [8, 14, 15, 16, 18, 33, 34] .
